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Sphere - velocity profiles for different triangulations

Abstract—Modeling fluid flow with immersed elastic objects
gives important insights into various biological phenomena.
The recently developed object-in-fluid module of open-source
simulation package ESPResSo is very well suited for simulations
of such objects. In this article, we outline a procedure, how to
properly account for the mass of elastic objects in the simulations
where the objects are modeled using surface meshes.

I. I NTRODUCTION
Models of flow with immersed cells are used in simulations
that have various biomedical applications, e.g. in simulations
of microfluidic devices meant to capture circulating tumor
cells from blood [1] or in simulations of devices meant to
separate individual cells for subsequent proteomics [2], etc.
What these have in common, is that they rely on a model
of fluid flow with immersed elastic objects. Our research
group has developed a module [3] as part of an open-source
simulation package ESPResSo [4] that can be used for
simulations of such flow. However, this module cannot be
used as a black box, the user has to have an understanding of
the underlying models.
The elastic objects are modeled using a surface mesh of
points that interact with the fluid. These points have their own
mass. In simulations, one often uses different triangulations
of the same object, e.g. to increase precision by having larger
number of nodes or to reduce the computational cost by
having fewer nodes. In these cases, the total mass of the
object varies, depending on how many surface points were
used.
Intuitively, one could say that this effect is negligible,
since most of the mass of the object comes from the
inner fluid and the surface membrane in biological cells or
surface triangulation in the simulated cells give only a small
contribution. In order to illustrate that this is indeed an issue,
we present the graph in Fig. 1, which shows velocity profiles
of an object coming from the same simulation (described
in more detail in the following sections) performed using
different triangulations and keeping the mass of individual
*This work was supported by the Slovak Research and Development
Agency under the contract No. APVV-0441-11.
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Not adjusting the mass of immersed boundary points results
in different velocity profiles for simulations that differ only by the
number of triangulation nodes.
Fig. 1.

boundary points constant.
In this article, we investigate how to distribute the mass
properly in ESPResSo simulations to avoid this effect.

II. M ODEL
Our model comes from [5]. It comprises two main parts - the
fluid and the elastic object. For the fluid, e.g. blood plasma, we
use the lattice-Boltzmann method (LBM [6]) briefly described
in the next section, because it allows convenient implementation without the necessity to solve partial differential equations
(e.g. Navier-Stokes equations). For elastic objects, e.g. the red
blood cells, we use a spring network model, in which the
spring network forms a surface triangulation of the object.
These two models are connected using the immersed boundary
method.
A. Lattice-Boltzmann method for the fluid
The LBM uses a fixed regular 3-dimensional grid and
represents the fluid domain by a set of lattice nodes. The fluid
itself is modeled as a group of fictitious fluid particles that
are only allowed to either stay where they are or move to the
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neighboring nodes. The state of the fluid at a given node x at
time t is described by distribution functions fa (x, t), where
a represents the directions to 18(+1) neighboring nodes. The
governing equations are
fa (x + ea δt , t + δt ) = fa (x, t) − ∆a (f (x, t))
{z
} | {z }
|
propagation

(1)

[11] observe that the intrinsic cell-to-cell variation in density
is nearly 100-fold smaller than the mass or volume variation.
Thickness of the red blood cell membrane is hRBC ≈ 40nm
g
[12] and the density of blood plasma ρplasma = 1.025 mL
[13].

collision

where ea are the velocity vectors pointing to the adjacent
nodes, δt is the time step and ∆a denotes the collision
operator that accounts for the difference between pre- and
post-collision states and satisfies the constraints of mass and
momentum conservation.
The macroscopic quantities, velocity u and density ρ, are
evaluated from
X
X
ρ(x, t) =
fa (x, t)
and
ρ(x, t)u =
fa (x, t)ea .
a

a

B. Elastic model of the object
Our primary objects of interest are red blood cells and
therefore the elastic properties that we need captured in the
model are resistance of the membrane to surface dilation,
viscoelastic resistance to bending and stretching of the
membrane and total volume conservation. Details of this
model can be found in [7].

B. Sphere
In this analysis, we first consider a sphere with density ρ =
g
, diameter r = 4µm and membrane thickness
ρRBC = 1.11 mL
h = 40nm. Thus, the mass of this object is
4
g 4
π(4µm)3 ≈ 297.6pg (4)
m = ρV = ρ πr3 = 1.11
3
mL 3
In our model, this mass consists of two parts. One is the
mass of inner cytoplasm, which is modeled using the same
fluid as the blood plasma in which the cell is moving, and
the mass of the ”membrane”, which consists of the immersed
boundary points. More specifically:
4
m = minside + mmembrane = ρplasma π(r − h)3 + N mIBP
3
(5)
where N is the number of IBPs (number of triangulation
nodes) and mIBP is the mass of each IBP. Both of these
quantities are set for each simulation.
Combining equations (4) and (5), we get

For simplicity and clarity, we also perform analysis and simulations using spheres that have the same characteristics. The
stretching elasticity of such sphere has already been analyzed
to some extent in [8], discussion of scalability of forces can be
found in [9] and an alternative approach considering energies
corresponding to the elastic forces is in [10].
C. Coupling fluid and objects - Immersed boundary method
For the motion of the spring network nodes (immersed
boundary points - IBP) we use the Newton equation
mIBP x00j = Fj ,

(2)

where xj is the position of the given node. The nodes and
the fluid influence each other, so in order to couple the two
equations of motion, we assume the force exerted by the fluid
on one IBP to be proportional to the difference of the velocity
v of the IBP and the fluid velocity u at the same position:
Fjf = ξ(v − u).

(3)

Since the grid points and immersed boundary points do not
coincide, we use interpolation to obtain the needed values.
Note that Fj = Fjf + Fje , where Fje is the composition of
all elastic forces acting on node j.

mmembrane = N mIBP ≈ 31pg

(6)

In our model, this is the mass of object’s membrane and should
be equally distributed among the N triangulation nodes, e.g.
for a triangulation with 500 surface nodes, the mass of each
node is
mmembrane
≈ 0.062pg.
m500 =
500
C. Red blood cell
The calculation is more difficult for the red blood cell because we do not have a simple formula for its volume. Therefore, we make a simplifying assumption that the membrane has
zero thickness. This simplification is quite reasonable for our
model, because we do not specifically model the membrane
and so the inner fluid ”fills the whole object”. Thus, we have
mRBC = minside + mmembrane
and we compute minside as
minside = ρplasma VRBC
g
We then get mmembrane = 110pg −1.025 mL
99µm3 = 8.4pg.
This is an approximation of the mass that should be equally
distributed among the N triangulation nodes.

III. T HEORETICAL ANALYSIS
A. Biological values
A typical healthy red blood cell has the density
g
and mass mRBC ≈ 110pg [11], The
ρRBC ≈ 1.11 mL
resulting volume is thus VRBC ≈ 99µm3 . The authors in

IV. S IMULATION RESULTS
In this section, we present the results of two kinds of
simulations that correspond to the analysis in previous section.
One set concerns spheres and the other red blood cells.
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Sphere - comparison of theoretical and simulation solutions
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In one set of simulations, the cell’s smallest profile was in
the direction of applied velocity (on the left) and in the other set of
simulations, the cell was facing the direction of applied velocity (on
the right). This visualization was created using open source analysis
and visualization application ParaView [14].
Fig. 3.
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Fig. 2. Velocity profiles for different sphere triangulations are nearly
identical and correspond well to the analytical solution, when the
mass of IBPs is adjusted.
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The theoretical solution to this problem can be computed
as follows. Stokes drag force exerted on a sphere is Fd =
−6πνrvK. For sphere, the shape factor K = 1, r is the radius.
ν is the dynamic viscosity of the fluid and v is the velocity
of the sphere. The equation of motion for the sphere is
mx00 = F
so by setting F = Fd we get
mv 0 + 6πνrv = 0
This is a first order ordinary differential equation. With initial
condition v(0) = v0 , we get an analytical solution for the
6πνrK
velocity vex (t) = v0 e− m t .
In simulations, we took a sphere with diameter 4µm.
The mass of the sphere was set to 297.6pg = 297.6Lkg =
297.6 × 10−15 kg (as computed in section III-B). The
membrane portion of the mass was then equally divided
among the nodes of surface triangulation. The triangulations
that were used had 393, 601, 879, 1182, 1524, 1905 and 2301
nodes. So, in the 393 triangulation, each particle had the mass
31
≈ 0.079pg and in the 2301 triangulation, each
mIBP = 393
31
particle had the mass mIBP = 2301
≈ 0.013pg. Viscosity
kg
was ν = 0.0015 ms .
It needs to be pointed out, that there is another simulation
parameter - friction coefficient ξ - that is linked to the mIBP
by equations (2) and (3). When the mIBP is doubled, also ξ
needs to be doubled in order to achieve the same dynamics.
In our simulations, we have adjusted ξ according to varying
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The main reason to include simulations with spheres
is that there are known theoretical results for spheres in
flow that we can compare to. The sphere is immersed
in a stationary fluid and given an initial velocity (in the
m
x-direction) v0 = 1 Lm
Ls = s . The fluid slows it down until it
stops.
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Red blood cell with various surface triangulations was
immersed in a stationary fluid ”facing” the direction of its initial
velocity. Mass of IBPs was properly adjusted. The velocity profiles
−v2300
= 0.19% at the
are nearly identical. The relative error v393v2300
time t = 3.
Fig. 4.

mIBP .
In Fig. 2, the theoretical velocity profile is compared to
velocities obtained in simulations. We see that these profiles
obtained using properly adjusted mIBP correspond well to the
theoretical result and, unlike in Fig. 1, are nearly identical. The
small deviation from analytical solution might be due to the
fact, that we simulate an elastic object and not a rigid sphere
and perhaps a not optimal selection of baseline ξ.
B. Red blood cell
For red blood cells, we do not have a theoretical solution to
compare to, but we can compare the different triangulations
to each other. We have performed two sets of simulations.
In both, an RBC is immersed in a stationary fluid and given
m
an initial velocity in the x-direction v0 = 1 Lm
Ls = s . The
fluid slows it down until it stops. The difference between
the two sets of simulations is in the spatial orientation of
the cell - see Fig. 3. In one case the cell was ”facing” the
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direction of initial velocity, in the other it was rotated so that
its smallest profile presented in the direction of initial velocity.
We again used different triangulations and results for one
set of the simulations are displayed in Fig. 4. We see that the
change of triangulation has a minimal effect on the velocity
profile. We are not showing the other set of results because
level of achieved correspondence among triangulations is very
similar.
V. C ONCLUSION
As demonstrated by the theoretical check and simulations,
the proper procedure to account for the mass of immersed
boundary points in ESPResSo simulations of elastic objects
is to check the mass of the inner fluid, then determine the
mass of the membrane and finally distribute this mass into
the Immersed boundary points. In the simulations, the friction
coefficient ξ needs to be adjusted accordingly.
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